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COTORSION CLASSES IN HIGHER HOMOLOGICAL ALGEBRA
JAVAD ASADOLLAHI, AZADEH MEHREGAN AND SOMAYEH SADEGHI
Abstract. In this note, the notion of cotorsion classes is introduced into the higher homo-
logical algebra. Our results motivate the definition, showing that this notion of n-cotorsion
classes satisfies usual properties one could expect. In particular, a higher version of Waka-
matsu’s Lemma is proved. Connections with wide subcategories are also studied.
1. Introduction
Let n ≥ 1 be a fixed integer. Higher homological algebra, known also as n-homological algebra,
is a recently discovered generalisation of homological algebra, having sequences of length n+ 2
playing the role of the short exact sequences in (1-)abelian categories. It appeared in a series of
papers by Iyama [I1–I3] and then axiomatized and studied extensively by Jasso [Ja].
Investigating possible definitions of various notions of classical homological algebra in the
context of higher homological algebra is an active research area, see for instance, [Jor], [HJV],
[JJ] and [EN], where notions such as torsion classes, wide subcategories, abelian quotients of
triangulated categories and Auslander’s Formula are studied in the higher context, respectively.
A notion of interest in classical homological algebra is the concept of a cotorsion theory,
introduced in [S]. Let A be an abelian category with enough projective and enough injective
objects. A cotorsion pair is a pair (X ,Y ) of full subcategories of A such that
X
⊥1 = Y and X = ⊥1Y ,
where orthogonals are taken with respect to the functor Ext1. X is then called a cotorsion class.
According to their applications, cotorsion pairs have been studied extensively in the literature,
see e.g. [X], [BR], [EJ] and [GT].
Our aim in this paper is to investigate a higher version of the notion of cotorsion classes. This
investigation is interesting in its own right and also may shed some light in some problems in
higher homological algebra, in particular, in higher tilting theory.
We introduce the notion of n-cotorsion class X of an n-cluster titling subcategory M of
an abelian category A . We are mainly interested in the case where M is an n-cluster tilting
subcategory of mod-Λ, where Λ is an artin algebra, that is, in the case where (Λ,M ) is an
n-homological pair [HJV, Definition 2.5].
It is immediate that every cotorsion class X is closed under finite sums, summands and
contains projective objects. Moreover, cotorsion classes have tie connections with the notion of
special precovering classes. We show that n-cotorsion classes also enjoy similar properties, i.e.
are closed under sums, summands and contain projectives and also are related with the n-special
precovering classes, see Theorem 3.5.
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A full subcategory X of an n-cluster tilting subcategory M of an abelian category A is called
an n-special precovering class if for every m ∈ M , there exists an n-exact sequence
0 −→ rn −→ · · · −→ r1 −→ x −→ m −→ 0
in M such that x ∈ X and for every x′ ∈ X the induced sequence
0 −→ ExtnA (x
′, rn) −→ Ext
n
A (x
′, rn−1) −→ · · · −→ Ext
n
A (x
′, r1) −→ 0
of abelian groups is exact, see Definition 3.3.
Wakamatsu’s Lemma [GT, Lemma 2.1.13], which is one of the pillars in the classical homologi-
cal algebra, states that if ϕ : x −→ a in an abelian categoryA , is an X -cover, then Kerϕ ∈ X ⊥1 ,
provided X is closed under extensions, see next section for the definition of an X -cover. Here
using the notion of n-cotorsion classes we provide a higher version of Wakamatsu’s Lemma in
higher homological algebra, see Theorem 4.2.
In the last section of the paper, using the concept of wide subcategories [HJV], we study
n-cotorsion classes. It will be shown that if W is a wide subcategory of an nZ-cluster tilting
subcategory M containing projective modules and enjoying the property that the inclusion
functor W
i
−→ M admits a right adjoint, then W is an n-cotorsion class of M , see Theorem
5.2.
2. Preliminaries
Throughout the paper, Λ is an Artin algebra and mod-Λ is the category of finitely generated
right Λ-modules.
Let A be an additive category and X be a subclass of A . Let a be an object of A . An
X -precover of a is a morphism x
ϕ
−→ a in A with x ∈ X such that any other morphism x′ −→ a
with x′ ∈ X factors through ϕ. If every object in A admits an X -precover, then X is called
a precovering class of A . An X -precover x
ϕ
−→ a is called an X -cover if every endomorphism
ψ : x −→ x with ϕψ = ϕ is an automorphism. X is called covering if every a ∈ A admits an
X -cover. X -preenvelopes, preenveloping and enveloping classes are defined dually.
Note that there are other terminologies for the above concepts, used mostly in representation
theory of algebras: for an object a of A , X -precover of a, resp. X -preenvelope of a, is called
right X -approximation, resp. left X -approximation, of a. Moreover, precovering classes, resp.
preenveloping classes, are called contravariantly finite, resp. covariantly finite, subcategories of
A . In this context, a subcategory which is both contravariantly finite and covariantly finite (or
equivalently, precovering and preenveloping) is called functorially finite.
A subcategory G of A is called a generating subcategory if for every object a ∈ A , there
exists an epimorphismm −→ a with m ∈ G . Cogenerating subcategories are defined dually. G is
called a generating-cogenerating subcategory of A if it is both a generating and a cogenerating
subcategory.
2.1. n-Cluster tilting subcategories. Let A be an abelian category and n ≥ 1 be a fixed
integer. An additive subcategory M of A is called an n-cluster tilting subcategory if it is a
functorially finite and generating-cogenerating subcategory of A satisfying M⊥n = M = ⊥nM ,
where
M
⊥n := {a ∈ A | ExtiA (M , a) = 0, for all 0 < i < n},
⊥nM := {a ∈ A | ExtiA (a,M ) = 0, for all 0 < i < n}.
When A = mod-Λ, and M is an n-cluster tilting subcategory of A , the pair (Λ,M ) is called
an n-homological pair [HJV, Definition 2.5].
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Cluster tilting subcategories are defined by Iyama in [I2, Definition 2.2] and studied further
in [I3]; see also [Ja, Definition 3.14]. It is known that M has a structure of an n-abelian
category [Ja, Theorem 3.16].
2.2. n-Abelian categories (see [Ja, §3]). Let M be an additive category. Let un+1 :
mn+1 −→ mn be a morphism in M . An n-cokernel of un+1 is a sequence
mn
un−→ mn−1 −→ · · · −→ m1
u1−→ m0
of morphisms in M such that for every m ∈ M , the induced sequence
0 −→ M (m0,m)−→· · ·−→M (mn,m)−→M (mn+1,m)
of abelian groups is exact. n-cokernel of un+1 denotes by (un, un−1, · · · , u1). The notion of
n-kernel of a morphism u1 : m1 −→ m0 is defined similarly, or rather dually.
A sequence mn+1
un+1
−→ mn −→ · · · −→ m1
u1−→ m0 of objects and morphisms in M is called
n-exact [Ja, Definitions 2.2, 2.4] if (un+1, un, · · · , u2) is an n-kernel of u1 and (un, un−1, · · · , u1)
is an n-cokernel of un+1. An n-exact sequence like the above one, will be denoted by
0 −→ mn+1
un+1
−→ mn −→ · · · −→ m1
u1−→ m0 −→ 0.
The additive category M is called n-abelian [Ja, Definition 3.1] if it is idempotent complete,
each morphism in M admits an n-cokernel and an n-kernel and every monomorphism un+1 :
mn+1−→mn, respectively every epimorphism u1 : m1−→m0, can be completed to an n-exact
sequence
0 −→ mn+1
un+1
−→ mn −→ · · · −→ m1
u1−→ m0 −→ 0.
2.3. Let M be an n-abelian category and
η : 0 −→ mn+1
fn+1
−→ mn −→ · · · −→ m2
f2
−→ m1
f1
−→ m0 −→ 0
be an n-exact sequence in M . By [Ja, Proposition 2.6], fn+1 is a split monomorphism if and
only if f1 is a split epimorphism and these are equivalent to the fact that the identity morphism
on η is null-homotopic. In this case, we say that η is a contractible (or split) n-exact sequence.
2.4. Projective and injective objects in an n-abelian category M are defined in the usual sense.
For instance, p ∈ M is called projective [Ja, Definition 3.11] if for every epimorphism f : a→ b,
the sequence M (p, a) −→ M (p, b) −→ 0 is exact. This type of projective objects are called
‘categorically projective’ in [HJV, Definition 4.6]. The notion of an injective object is defined
dually.
2.5. By [IJ, Definition 2.22], we say that an n-abelian category M has n-syzygies if for every
m ∈ M there exists an n-exact sequence
0→ k −→ pn −→ · · · −→ p1 −→ m −→ 0
in M , such that pi, for i ∈ {1, · · · , n}, is a projective object. k is then called an n-syzygy of
m and, by abuse of notation, is denoted by Ωnm. The notion of n-cosyzygies and M having
n-cosyzygies are defined dually. The n-cosyzygy of m is denoted by Ω−nm.
2.6. n-Pushout diagrams. Let M be an n-abelian category. Let
η : mn+1 −→ mn −→ · · · −→ m1
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be a complex in M . An n-pushout of η along a morphism f : mn+1 −→ m
′
n+1 in M , is a
diagram
η : mn+1 mn · · · m2 m1
m′n+1 m
′
n · · · m
′
2 m
′
1
f
such that m′i ∈ M , for all i ∈ {1, 2, · · · , n}, and in the mapping cone
mn+1
α
−→ mn ⊕m
′
n+1
αn−→ mn−1 ⊕m
′
n
αn−1
−→ · · · −→ m1 ⊕m
′
2
α1−→ m′1
the sequence (αn, αn−1, · · · , α1) is an n-cokernel of α [Ja, Definition 2.11]. The notion of n-
pullback is defined dually. n-pushouts and n-pullbacks in M always exist. Moreover, if η
completes to an n-exact sequence such as 0 −→ mn+1 −→ mn −→ · · · −→ m1 −→ m0 −→ 0,
then the n-pushout diagram also completes to the following diagram
0 mn+1 mn · · · m2 m1 m0 0
0 m′n+1 m
′
n · · · m
′
2 m
′
1 m0 0
f
in which the lower row is also an n-exact sequence in M , see [Ja, Theorem 3.8].
2.7. Morphisms of Extn groups in n-cluster tilting subcategories. Let (Λ,M ) be
an n-homological pair. Let m and m′ be objects of M . By [HS, §IV.9], every element η of
ExtnΛ(m,m
′) is represented by an exact sequence
η : 0 −→ m′ −→ mn −→ mn−1 −→ · · · −→ m1 −→ m −→ 0
in mod-Λ. Since M is an n-cluster tilting subcategory of mod-Λ, by [I2, Appendix A], one can
assume that all the middle terms mi also are in M . Now let f : m
′ −→ m′′ be a morphism in
M . For every element m ∈ M , the morphism
fˆ = Extn(m, f) : ExtnΛ(m,m
′) −→ ExtnΛ(m,m
′′)
can be interpreted in terms of n-pushout of n-exact sequences in M . That is, if
η : 0 −→ m′ −→ mn −→ mn−1 −→ · · · −→ m1 −→ m −→ 0
is an element of ExtnΛ(m,m
′), then fˆ(η) = η′ ∈ ExtnΛ(m,m
′′) is obtained by extending n-pushout
of η along f , as depicted in the following diagram
η : 0 m′ mn · · · m2 m1 m 0
η′ : 0 m′′ m′n · · · m
′
2 m
′
1 m 0
f
To see this one should follow similar argument as in the [HS, pp. 148-150] and then apply
Theorem IV.9.1 of [HS]. See also [Fe, Remark 3.8(b) and Lemma 3.13].
2.8. nZ-Cluster tilting subcategories. Let (Λ,M ) be an n-homological pair. By [I3,
Lemma 3.5], for each m ∈ M and for each exact sequence
0 −→ mn+1 −→ mn −→ mn−1 −→ · · · −→ m1 −→ m0 −→ 0
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in mod-Λ with all terms in M , i.e. each n-exact sequence in M , there exists an exact sequence
0→ M (m,mn+1)→ M (m,mn)→ · · · → M (m,m0)→ Ext
n
Λ(m,mn+1)→ Ext
n
Λ(m,mn)
of abelian groups.
M is called nZ-cluster tilting subcategory of mod-Λ if for each m ∈ M and for each n-exact
sequence
0 −→ mn+1 −→ mn −→ mn−1 −→ · · · −→ m1 −→ m0 −→ 0
in M , there exists an exact sequence
0 −→ M (m,mn+1) −→ M (m,mn) −→ · · · −→ M (m,m1) −→ M (m,m0)
−→ ExtnΛ(m,mn+1) −→ Ext
n
Λ(m,mn) −→ · · · −→ Ext
n
Λ(m,m1) −→ Ext
n
Λ(m,m0)
−→ Ext2nΛ (m,mn+1) −→ Ext
2n
Λ (m,mn) −→ · · · −→ Ext
2n
Λ (m,m1) −→ Ext
2n
Λ (m,m0)
−→· · ·
of abelian groups.
By [IJ, Definition-Proposition 2.15], M is an nZ-cluster tilting subcategory of mod-Λ if and
only if it is closed under n-syzygies, i.e. ΩnM ⊆ M , or equivalently, it is closed under n-
cosyzygies, i.e. Ω−nM ⊆ M .
Definition 2.9. Let Λ be an Artin algebra. We say that (Λ,M ) is an nZ-homological pair if
M is an nZ-cluster tilting subcategory of mod-Λ.
2.10. Cotorsion theory. The idea of cotorsion pairs goes back to the work of Salce on abelian
groups [S]. Let us recall the notion in abelian categories. Let A be an abelian category with
enough projectives and injectives. Let X and Y be full subcategories of A . (X ,Y ) is called
a cotorsion pair [GT, Definition 2.2.1] if it satisfies the following conditions.
(i) X = ⊥1Y , where ⊥1Y = {x ∈ A | Ext1A (x, y) = 0, for all y ∈ Y },
(ii) X ⊥1 = Y , where X ⊥1 = {y ∈ A | Ext1A (x, y) = 0, for all x ∈ X }.
X is called a cotorsion class and Y is called a cotorsion free class.
The cotorsion pair (X ,Y ) is called complete if for every object a ∈ A there exist short exact
sequences
0 −→ y −→ x −→ a −→ 0 and 0 −→ a −→ y −→ x −→ 0
in A such that x ∈ X and y ∈ Y .
2.11. A class X of objects of A is called a special precovering class if every object a ∈ A
admits a special right X -approximation, i.e. there exists a short exact sequence
0 −→ y −→ x −→ a −→ 0
in A such that x ∈ X and y ∈ X ⊥1 . Dually one can define the notion of special preenveloping
classes. Hence a cotorsion pair (X ,Y ) is complete if X is a special precovering class and Y
is a special preenveloping class of A . Salce’s Lemma [S] states that in a cotorsion pair (X ,Y )
in the category Mod-R, where R is an associative ring with identity, X is a special precovering
class if and only if Y is a special preenveloping class.
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3. Higher Cotorsion Classes
Let M be an n-cluster tilting subcategory of an abelian category A and X ⊆ M be a full
subcategory. Let X -exactn denote the class of all sequences
mn −→ mn−1 −→ · · · −→ m1
in M with the property that for all x ∈ X , the induced sequence
0 −→ ExtnA (x,mn) −→ Ext
n
A (x,mn−1) −→ · · · −→ Ext
n
A (x,m1) −→ 0
of abelian groups is exact.
Moreover, let ⊥(X -exactn) be the full subcategory of M consisting of all m ∈ M such that
for every sequence
mn −→ mn−1 −→ · · · −→ m1
in X -exactn the induced sequence
0 −→ ExtnA (m,mn) −→ Ext
n
A (m,mn−1) −→ · · · −→ Ext
n
A (m,m1) −→ 0
of abelian groups is exact.
Obviously X ⊆ ⊥(X -exactn).
Definition 3.1. With the above notations, we say that X is an n-cotorsion class if
X = ⊥(X -exactn).
Clearly if we let n = 1, we recover the classical case, i.e. by abuse of notation, (X ,X -exact1)
is a (classical) cotorsion pair.
The following proposition lists some of the basic properties of n-cotorsion classes. It, in
particular, implies that X is an additive subcategory of M in the sense of [HJV, Definition 2.7].
Proposition 3.2. Let X ⊆ M be an n-cotorsion class. Then the following holds.
(i) X is closed under direct summands and direct sums.
(ii) X contains projective objects.
(iii) If X is closed under n-syzygies, then for every sequence rn → · · · → r1 in X -exactn
and for every x ∈ X , there exists an exact sequence
0 −→ ExtniA (x, rn) −→ · · · −→ Ext
ni
A (x, r1) −→ 0,
of abelian groups, for every integer i ≥ 1.
Proof. Statements (i) and (ii) follows from definition. For the statement (iii), let x ∈ X be
given. Since X is closed under n-syzygies, Ωnix ∈ X , for all i ≥ 1. So we have the exact
sequence of Extn-groups for Ωnix ∈ X . This implies that we have the exact sequence of Ext
ni-
groups for x. 
Definition 3.3. Let X be a full subcategory of M . We say that X is an n-special precovering
class if for every m ∈ M , there exists an n-exact sequence
0 −→ rn −→ · · · −→ r1 −→ x
ϕ
−→ m −→ 0
such that x ∈ X and rn −→ · · · −→ r1 ∈ X -exactn. ϕ : x −→ m is called an n-special precover
of m.
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Remark 3.4. Let X ⊆ M be an n-special precovering class in an n-homological pair (Λ,M ).
Then X is a precovering class. To see this, note that since X is an n-special precovering class,
then for every m ∈ M , there exists an n-exact sequence
0 −→ rn −→ · · · −→ r1 −→ x
ϕ
−→ m −→ 0
such that x ∈ X and rn −→ · · · −→ r1 ∈ X -exactn. Note that ϕ is an X -precover of m. To
see this, let x′ → m be a morphism in M with x′ ∈ X . Consider the exact sequence
· · · → M (x′, x)
ϕ∗
→ M (x′,m)→ ExtnΛ(x
′, rn)
ψ
→ ExtnΛ(x
′, rn−1)
of abelian groups. Since rn −→ · · · −→ r1 ∈ X -exactn, ψ is injective. Hence ϕ
∗ is surjective.
Therefore x′ −→ m factors through ϕ. So ϕ is an X -precover of m. Since m was arbitrary, it
implies that X is a precovering class.
Theorem 3.5. Let (Λ,M ) be an n-homological pair. Let X ⊆ M be an n-special precovering
class which is closed under direct summands. Then X is an n-cotorsion class.
Proof. To show that X is an n-cotorsion class, by definition, we should show that ⊥(X -exactn) ⊆
X . To this end, assume that m ∈ ⊥(X -exactn) is given. Since X is an n-special precovering
class, there exists an n-exact sequence
0 −→ rn −→ · · · −→ r1 −→ x
ϕ
−→ m −→ 0
such that x ∈ X and rn −→ · · · −→ r1 ∈ X -exactn. Consider the exact sequence
· · · −→ M (m,x)
ϕ∗
−→ M (m,m) −→ ExtnΛ(m, rn)
ψ
−→ ExtnΛ(m, rn−1)
of abelian groups. Now m ∈ ⊥(X -exactn) implies that ψ is injective. So ϕ
∗ is surjective and
hence ϕ is a split epimorphism. Therefore m is a summand of x. Hence m ∈ X , as X is closed
under summands. So the proof is complete. 
Remark 3.6. Let prj-Λ denotes the class of projective Λ-modules. It is obviously an n-special
precovering class and is closed under summands. Hence, by the above theorem, it is an n-
cotorsion class in the n-homological pair (Λ,M ).
Theorem 3.7. Let (Λ,M ) be an nZ-homological pair. Let X ⊆ M be a special precovering
class which is closed under direct summands and satisfies the condition ExtnΛ(X ,X ) = 0. Then
X is an n-cotorsion class.
Proof. By Theorem 3.5, it is enough to show that X is an n-special precovering class of M .
Assume that m ∈ M is given. Since X is a special precovering class, there exists a short exact
sequence η : 0 −→ y −→ x
ϕ
−→ m −→ 0, with x ∈ X and y ∈ X ⊥1 . By taking n-kernel of ϕ in
M , we get the following n-exact sequence
0 −→ rn −→ · · · −→ r1 −→ x −→ m −→ 0.
To complete the proof, we need to show that rn −→ · · · −→ r1 is in X -exactn. We do this.
Since M is nZ-cluster tilting, for every x′ ∈ X , we have exact sequence
· · · → M (x′, x)
ϕ∗
→ M (x′,m)→ ExtnΛ(x
′, rn)→ · · · → Ext
n
Λ(x
′, r1)→ Ext
n
Λ(x
′, x)
ϕ∗
→ ExtnΛ(x
′,m)
of abelian groups.
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The long exact sequence of Ext groups inducing from the short exact sequence η, in view of the
facts that Ext1Λ(x
′, y) = 0, implies that M (x′, x)
ϕ∗
−→ M (x′,m) is an epimorphism. Moreover,
by assumption, ExtnΛ(x
′, x) = 0. Hence we get the desired exact sequence
0 −→ ExtnΛ(x
′, rn) −→ · · · −→ Ext
n
Λ(x
′, r1) −→ 0.
Therefore rn −→ · · · −→ r1 is in X -exactn. The proof is hence complete. 
As an immediate corollary of the above theorem, we have the following result.
Corollary 3.8. Let (Λ,M ) be an nZ-homological pair. Let (X ,Y ) be a complete cotorsion
pair in mod-Λ such that X ⊆ M and satisfies the condition ExtnΛ(X ,X ) = 0. Then X is an
n-cotorsion class and M ⊆ Y .
Proof. It follows from the above theorem that X is an n-cotorsion class. To see that M ⊆ Y ,
let m ∈ M is given. Consider the short exact sequence 0 −→ m −→ y −→ x −→ 0, with x ∈ X
and y ∈ Y . Since X ⊆ M , Ext1(x,m) = 0. Hence the sequence is split and so m is a summand
of y. Since Y is closed under summands, m ∈ Y . So M ⊆ Y . 
4. Wakamatsu’s Lemma
An important result in classical homological algebra that provides a sufficient condition for the
existence of special precovers is Wakamatsu’s Lemma [X, Lemma 2.1.1]. Wakamatsu’s Lemma
states that for a given subclass X of A which is closed under summands and extensions, every
surjective X -cover of an object a ∈ A is a special X -precover, i.e. its kernel belongs to X ⊥.
See also [GT, Lemma 2.1.13]. Recall that X is closed under extensions if for every short exact
sequence 0→ X ′ → A→ X → 0 in A with X,X ′ ∈ X , we deduce that A ∈ X . For a version
of Wakamatsu’s Lemma for (n+2)-angulated categories, see [Jor, Lemma 3.1]. In the following,
we present a version of this lemma in n-abelian categories.
Let M be an n-abelian category and X be a full subcategory of M . By [I2, Appendix A] an
n-exact sequence
0 −→ mn+1
un+1
−→ mn −→ · · · −→ m1
u1−→ m0 −→ 0
in M is called almost-minimal if for any 2 ≤ i ≤ n, ui is in the Jacobson radical of M . Recall
that the Jacobson radical of M is a two sided ideal in M , denoted by radM , and for m and m
′
in M , is defined by
radM (m,m
′) = {f : m −→ m′ | 1m − gf is invertible for every g : m
′ −→ m}.
Definition 4.1. Let M be an n-abelian category and X be a full subcategory of M . We say
that X is left closed under n-extensions if for each almost-minimal n-exact sequence
0 −→ x −→ xn −→ xn−1 −→ · · · −→ x1 −→ x
′ −→ 0
with x and x′ in X , we deduce that xn ∈ X .
Let (Λ,M ) be an n-homological pair. Let X ⊆ M be an additive subcategory. X is closed
under n-extensions [Fe, Definition 2.10] if every n-exact sequence
0 −→ x′ −→ mn −→ mn−1 −→ · · · −→ m0 −→ x −→ 0
in M with x, x′ ∈ X is Yoneda equivalent to an n-exact sequence
0 −→ x′ −→ xn −→ xn−1 −→ · · · −→ x0 −→ x −→ 0
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with all terms in X . Now let X ⊆ M be closed under n-extensions and let x −→ m be the
X -cover of an object m in M . It is proved in [Fe, Lemma 5.1] that for every x′ ∈ X the
morphism
ExtnΛ(x
′, x) −→ ExtnΛ(x
′,m)
is a monomorphism of abelian groups. Here we use this fact in the proof of next theorem. For
the convenience of the reader we provide a proof.
Theorem 4.2. (Wakamatsu’s Lemma) Let (Λ,M ) be an nZ-homological pair. Let X ⊆ M be
a full subcategory which is left closed under n-extensions. Let m ∈ M and f : x −→ m be a
surjective X -cover of m. Then for every n-kernel kn −→ · · · −→ k1 of f and every x
′ ∈ X ,
there is an exact sequence
0→ ExtnΛ(x
′, kn)→ · · · → Ext
n
Λ(x
′, k1)→ 0,
of abelian groups.
Proof. Take n-kernel of f to get the n-exact sequence
0 −→ kn −→ · · · −→ k1 −→ x
f
−→ m −→ 0.
Since M is an nZ-cluster tilting subcategory of mod-Λ, for every x′ ∈ X , we have long exact
sequence
0 −→ M (x′, kn) −→ · · · −→ M (x
′, k1) −→ M (x
′, x)
f∗
−→ M (x′,m) −→
ExtnΛ(x
′, kn) −→ · · · −→ Ext
n
Λ(x
′, k1) −→ Ext
n
Λ(x
′, x)
fˆ
−→ExtnΛ(x
′,m) −→ · · ·
of abelian groups. For the proof, it is enough to show that f∗ is surjective and fˆ is injective.
Since f is an X -cover and x′ ∈ X , it follows that f∗ is surjective. We show that fˆ is injective
as well [Fe, Lemma 5.1]. Let
η : 0 −→ x −→ xn −→ · · · −→ x1 −→ x
′ −→ 0
be an object of ExtnΛ(x
′, x) that maps to zero in ExtnΛ(x
′,m), that is, the n-pushout of η along
f , say η′, is contractible. We show that η itself should be contractible. We note that by
A.1.Proposition of [I2] we can assume that η is almost-minimal. Assume that η′ illustrated in
the following n-pushout diagram is contractible.
η : x xn xn−1 · · · x1 x
′
η′ : m yn yn−1 · · · y1 x
′
fˆ f
dn
x
dn−1
x
fn
dn−2
x
fn−1
d0
x
f1
dn
y
dn−1
y
dn−2
y
d0
y
So there exists morphism sn+1 : x′ → y1 such that d
0
ys
n+1 = 1x′ . This implies, by [Fe, Lemma
3.6], that morphism fˆ : η → η′ is null-homotopic. In particular, there exists a morphism
s1 : xn → m such that s
1dnx = f . Now since X is left closed under n-extensions, xn ∈ X and
so s1 factors through f . Let g : xn → x be such that fg = s
1. By composition with dnx we
get fgdnx = s
1dnx = f . Since f is an X -cover, gd
n
x : x → x is an isomorphism. So d
n
x is a split
monomorphism. Hence η is a contractible n-exact sequence, by part (i) of Remark ??. 
Corollary 4.3. Let (Λ,M ) be an nZ-homological pair. Let X ⊆ M be a full subcategory which
is closed under direct summands, left closed under n-extensions and permits surjective X -covers.
Then X is an n-cotorsion class.
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Proof. In view of Wakamatsu’s Lemma, we deduce that X is an n-special precovering class.
Hence by Theorem 3.5 it is an n-cotorsion class. 
5. Wide subcategories
In this section we provide some examples of n-cotorsion classes in an n-abelian category, using
the notion of wide subcategories in higher homological algebra introduced and studied in [HJV].
Let us begin with the definition of wide subcategories.
Definition 5.1. (See [HJV, Definition 2.8]) Let M be an n-abelian category. Let W be an
additive subcategory of M , i.e. is a full subcategory closed under direct sums, direct summands,
and isomorphisms. W is called wide if the following conditions hold.
(i) Every morphism in W admits an n-kernel and an n-cokernel in M with all terms in W .
(ii) Every n-exact sequence
0 −→ w −→ mn −→ · · · −→ m1 −→ w
′ −→ 0,
with w,w′ ∈ W in M , is Yoneda equivalent to an n-exact sequence
0 −→ w −→ wn −→ · · · −→ w1 −→ w
′ −→ 0,
with all terms in W .
Theorem 5.2. Let (Λ,M ) be an nZ-homological pair. Let W be a wide subcategory of M
containing projective modules. If the inclusion functor W
i
−→ M has a right adjoint, then W is
an n-cotorsion class in M .
Proof. Since the inclusion functor W
i
−→ M admits a right adjoint, by dual of the Proposition
4.5 of [HJV], we conclude that W is a covering subcategory of M . In order to show that W is
an n-cotorsion class, we follow Theorem 3.5 and show that W is an n-special precovering class.
Let m ∈ M be given. Since W is a covering class, there exists a surjective W -cover ϕ : w −→ m
of m. Consider the n-exact sequence
0 −→ rn −→ · · · −→ r1 −→ w
ϕ
−→ m −→ 0,
where rn −→ · · · −→ r1 is an n-kernel of ϕ in M . We should show that rn −→ · · · −→ r1 lies in
W -exactn, i.e. show that for every w
′ ∈ W , there exists an exact sequence
(5.1) 0 −→ ExtnΛ(w
′, rn) −→ Ext
n
Λ(w
′, rn−1) −→ · · · −→ Ext
n
Λ(w
′, r1) −→ 0
of abelian Ext groups. Since M is an nZ-cluster tilting subcategory, there is the following long
exact sequence
0 −→ M (w′, rn) −→ · · · −→ M (w
′, r1) −→ M (w
′, w)
ϕ∗
−→ M (w′,m) −→
ExtnΛ(w
′, rn) −→ · · · −→ Ext
n
Λ(w
′, r1) −→ Ext
n
Λ(w
′, w)
ϕ∗
−→ ExtnΛ(w
′,m) −→ · · ·
of abelian groups. We get the desired exact sequence 5.1 if we show that ϕ∗ is an epimorphism
and ϕ∗ is a monomorphism. Since ϕ is a W -cover, ϕ
∗ is surjective. ϕ∗ is a monomorphism
using [Fe, Lemma 5.1], that is, following the same argument as in the last part of the proof of
Theorem 4.2. This completes the proof. 
Let F : D −→ D ′ be a functor between categories D and D ′. Then the essential image of F ,
denoted by F (D), is the full subcategory
{d′ ∈ D ′| d′ ∼= F (d), for some d ∈ D}
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of D ′, see e.g. [HJV, Definition 3.7].
Definition 5.3. ( [HJV, Definition 5.1]) Let (Λ,M ) and (Λ′,M ′) be two n-homological pairs.
We say that (Λ,M )
φ
−→ (Λ′,M ′) is an epimorphism of n-homological pairs if Λ
φ
−→ Λ′ is an
algebra homomorphism such that φ∗(M
′) ⊆ M , where φ∗ : mod-Λ
′ −→ mod-Λ is the functor
given by restriction of scalers, and algebra homomorphism φ is an epimorphism in the category
of rings.
Let φ∗ : mod-Λ
′ −→ mod-Λ be an exact functor. For n′, n′′ ∈ mod-Λ′ and j ≥ 1, there exists
an induced homomorphism of Yoneda Ext groups,
ExtjΛ′(n
′, n′′) ExtjΛ(φ∗(n
′), φ∗(n
′′))
φ∗(−)
such that φ∗(−) send the Yoneda equivalence class
0 −→ n′′ −→ uj −→ · · · −→ u1 −→ n
′ −→ 0
of ExtjΛ′(n
′, n′′) to Yoneda equivalence class
0 −→ φ∗(n
′′) −→ φ∗(un) −→ · · · −→ φ∗(u1) −→ φ∗(n
′) −→ 0,
of ExtjΛ((φ∗(n
′), φ∗(n
′′)). See [HJV, Remark 3.4].
Proposition 5.4. Let (Λ,M )
φ
→ (Λ′,M ′) be an epimorphism of n-homological pairs and φ∗ :
mod-Λ′ → mod-Λ be the functor given by restriction of scalers. Assume that
(i) For m′,m′′ ∈ M ′, the induced homomorphism ExtnΛ′(m
′,m′′)
φ∗(−)
−→ ExtnΛ(φ∗(m
′), φ∗(m
′′))
of Yoneda Ext groups is bijective.
(ii) X ′ is an n-cotorsion class in M ′.
Then φ∗(M
′) is an n-abelian category and φ∗(X
′) ⊆ φ∗(M
′) is an n-cotorsion class.
Proof. Since φ is an epimorphism of n-homological pair, by [HJV, Proposition 5.6], the induced
functor M ′
φ∗
−→ M is full and faithful. So φ∗ satisfies the condition (a) of Theorem 3.8 of [HJV].
Condition (i) is just part (b) of [HJV, Theorem 3.8]. Hence the essential image φ∗(M
′) is a wide
subcategory of M . So by Proposition 4.2 of [HJV] φ∗(M
′) is an n-abelian category. To show
that φ∗(X
′) ⊆ φ∗(M
′) is an n-cotorsion class, by definition, we need to show the validity of the
inclusion ⊥(φ∗(X
′)-exactn) ⊆ φ∗(X
′). Let m ∈ ⊥(φ∗(X
′)-exactn), where orthogonal is taken
in φ∗(M
′). We have m = φ∗(m
′), for some m′ ∈ M ′. So for every sequence
φ∗(m
′
n) −→ · · · −→ φ∗(m
′
1)
in φ∗(X
′)-exactn, there is exact sequence
0 −→ ExtnΛ(φ∗(m
′), φ∗(m
′
n)) −→ · · · −→ Ext
n
Λ(φ∗(m
′), φ∗(m
′
1)) −→ 0.
Hence, condition (i) implies that the sequence
0 −→ ExtnΛ′(m
′,m′n) −→ · · · −→ Ext
n
Λ′(m
′,m′1) −→ 0
is also exact. Since X ′ is an n-cotorsion class, we get m′ ∈ X ′. Hence m = φ∗(m
′) ∈ φ∗(X
′).
This completes the proof. 
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